Abstract. This paper presents a mixed-integer linear model for solving the resource leveling problem with soft precedence relations. The model allows reversing of a work sequence of activities and aims to minimize the sum of the costs resulting from the fluctuations in resource usage from period to period without exceeding the specified deadline. The effectiveness of the proposed model is verified using an illustrative project, with the results showing that using soft precedence relations between activities provides more potential for reducing the fluctuations of resource utilization.
Introduction
Resource leveling is a resource management technique that aims to reduce the fluctuations of resource utilization during the course of project makespan, while complying with a prescribed project completion time [1] . Resource fluctuations can increase financial burden or risk of project accidents, and therefore efficient resource leveling approaches must help to schedule project activities such that resource utilization is as smooth as possible over the entire planning horizon.
In literature, many methods have been developed to deal with the resource leveling problem using techniques such as mathematical programming models [2] , heuristic procedures [3] [4] [5] , and intelligent algorithms [6] [7] [8] [9] [10] . All these methods assume fixed precedence relations, hence requiring the work sequences to remain unchanged. However, in real projects, activities commonly have more than one work sequence, i.e., the relations between activities may be of a "soft" character. Current models do not account for this fact, thereby requiring the planner to choose a specific logical sequence based on a set of assumptions [2] . In the worst case, the sequence chosen by the planner might be far from optimal, with lower optimization efficiency. On the other hand, efficiency is gaining more and more importance as a competitive factor for construction companies. Therefore, it is important to account for different work sequences between activities, when considering project scheduling.
This paper aims at developing a mixed-integer linear model for solving resource leveling problems considering soft precedence relations. The proposed model is augmented with additional relations, in order to guarantee the feasibility of project networks. Finally, an illustrative example is used to validate the effectiveness of the proposed model.
Scheduling with Soft Precedence Relations
The activities connected by soft precedence relations can be performed in various work sequences [11] . This paper focuses especially on those that enable the activities they connect to be scheduled in reversed order. This type of soft precedence relation is typically caused by space restrictions, limited resources, or other characteristics that prevent activities from being run in parallel. Reversing a soft precedence relation may produce an additional work between the activities, which may require time and resources. An example of such a relation might be "laying floor carpet after painting walls"; if the relation is reversed, floor protection (C) must be placed after the completion of activity B and before the start of activity A, to prevent staining the floor carpet with paint.
Generally, assume an activity B is connected with multiple soft precedence relations , k= 1,…,K, as shown in Fig. 1 . When these relations are reversed, there may be additional works {C k } that must be performed after activity B. The {C k } are not included in the initial schedule, and their presence may affect the implementation of other activities, as a result of resource or space restrictions. To avoid such interferences, this paper requires the {C k } to be scheduled sequentially and to precede all successors of activity B and the activities A k whose relations with activity B have been reversed. Figure 1 explains the above rules in detail in terms of a simple example. 
Model Formulation
We consider projects described by activity-on-node networks , where V={0,1,…,n,n+1} is the set of vertices and E is the set of arcs. Dummy activities 0 and n+1 represent the beginning and completion of a project, respectively. The project begins at time zero and must be delivered before the prescribed deadline T. Let denote the set of resources required for performing project activities. Each activity has a given duration and requires units of resource per day. For the fictitious activities, we set and for all . The set , representing precedence relations between activities, consists of two disjoint subsets, F, a set of fixed relations, and S, a set of soft relations. The set S includes two disjoint subsets, S 1 and S 2 . If the reversal of a soft relation does not produce an additional work, then ; otherwise, and the associated additional work is labeled with the symbol " ." Let and be the duration and requirement per unit time of resource of the additional work , respectively. For each , the set consists of all possible additional work after activity j. According to the assumption discussed in the above section, the additional work in SA j must be scheduled in a pre-specified and feasible sequence PS j . In this paper, means that the additional work precedes .
Introduction of Additional Relations
An activity cannot start before the completion of the activities that restrict its starting. This requirement must be satisfied even if a soft precedence relation is to be reversed. To guarantee the feasibility of network G, some additional relations (possibly redundant) should be identified and considered. For each , Jaskowski and Sobotka [12] added additional relations by assuming that all of the predecessors of activity i must also be predecessors of j and that all of the successors of j must be the successors of i. This paper adopts the same approach to adding additional relations. As a result, for every activity h in set and activity k in set , the additional relation (h, j) and (i, k)
should be added respectively, if relation , where and denote the set of preceding and succeeding activities of activity i, respectively. Let be the updated network with additional relations, where the arc set consists of all fixed and additional relations. indicates the time of finishing activity j and the additional works . Finally, we consider the objective of minimizing the sum of the costs for covering the fluctuations in resource usage from period to period. The mathematical model of the current problem (a mixed-integer linear model) takes the following form. (1), constants denote the cost of acquiring and releasing one unit of resource k, respectively. Constraints (2) guarantee that each activity has exactly one start time. Constraints (3) ensure that each additional work is also assigned an exact start time. Constraints (4) estimate the values of for all . Constraints (5) balance the resource allocations. Constraints (6) require that the additional work is performed after activity j, if the relation is reversed, where M is an arbitrarily large constant. Constraints (7) guarantee that all additional work (if produced) in SA j is scheduled in a pre-specified and feasible sequence PS j . Constraints (8) and (9) estimate the values of for all . Constraints (10)- (12) ensure that the precedence relation constraints and the soft precedence relation scheduling rules are satisfied.
Proposed Mixed Integer Linear Model

Case Study
To illustrate the effectiveness of the model, this paper considers a residential building project that is presented by [12] . The data describing the activities (activity number, duration, and corresponding resource requirement per day) are shown in Table 1 . There are two soft precedence relations in set S 1 and three in set S 2 , where the relations (2,5), (8, 10) , and (7,9) result from space restrictions; the relation (7,10) is produced by painting tool limitations; the relation (9,13) stems from apartment layouts and disturbances caused by crews carrying cupboard elements.
Additional works will be necessary in the following cases: (1) if activity 5 is done before activity 2, the additional work [2, 5] with duration of 2 days, requiring 2 units of resource 1 per day, is needed to prevent staining with plaster mortar; (2) when activity 9 is performed before activity 7, floor covering (i.e. the additional work [7.9] ) is needed, which has a duration of 1 day and requires 1 unit of resource 1 per day; and (3) if activity 10 is implemented before activity 8, some local repainting (i.e. the additional work [8, 10] ) is to be expected, which has a duration of 1 day and requires 3 units of resource 1 per day. Nine additional relations have been identified and added to the project network, which are (1,5), (2, 8) , (2, 9) , (3,10), (5,10), (7, 12) , (8, 11) , (8, 12) , and (9,15). For this example project, we assume that the costs of acquiring and releasing one unit of resource k are set to 1 for any . The project deadline T=76 days are also assumed. The following versions of the model are analyzed:  Case I: The model does not allow for reversing the soft precedence relations. At present, the problem reduces to the classical resource leveling problem that minimizes the variations of resource utilization from period to period.
 Case II: The model allows for reversing the soft precedence relations. A computer package called LINGO (LINGO 11.0) is used on a personal computer to solve the above models of the example project. Fig. 2(a) shows the project schedule after leveling for Case I. The total cost for covering the fluctuations in resource utilization from period to period is 66. When the soft precedence relation are allowed to reverse (i.e. Case II), the total cost resulting from the resource fluctuations reduces to 60. The corresponding project schedule after leveling is shown in Fig.  2(b) , where the soft precedence relations (7, 10) and (8, 10) are reversed. In other words, to smooth resource allocation, painting kitchens and bathrooms (activity 10) must be performed before painting walls and ceilings (activity 7) and before tiling (activity 8). Also, additional local repainting work (work ID: [8, 10] ) must be performed on day 58. Comparison based on this example indicates the advantages of incorporating soft relations into resource leveling problems. 
Summary
This paper proposed a mixed-integer linear programming model for the resource leveling problem. Unlike existing methods, our model considers soft precedence relations during the optimization process, which makes it possible to start some activities earlier and increases the potential to reduce the fluctuations in resource utilization. To enable the planner to obtain an efficient schedule, we also consider additional works caused by changing the work sequence between activities. The analysis results based on a simple project support the argument: using soft precedence relations provides more flexibility in scheduling under the pressure of smoothing resource utilization. This paper encourages the planners to use the plan produced by the proposed model, since the optimal solution obtained by the proposed model is better than the traditional model in most situations, or at least not worse than it.
